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STRESS-STRAIN BEHAVIOUR, DISSIPATION AND INSTABILITY 
OF MEDIUM-CARBON STEEL

Jiri Kliber, Vojtěch Ševčák, Petr Opěla

ABSTRACT

Metallic materials that have exceeded elastic deformation deform plastically with hardening. The method of 
determining properties is operated by means of stress-strain curves. Plastometric tests on Gleeble were used, which 
always allow one of the three thermomechanical mechanical parameters to remain constant, even in this case. The 
aims of the paper are two: namely to describe mathematically the course of these stress-strain curves and then to 
derive the values ​​of energy dissipation and plastic deformation instability. This dataset was acquired via series of 
uniaxial hot compression tests in the temperature range of 1173 K - 1553 K and the strain rate range of 0.1 s−1 
- 100 s−1.  The analysis used sinh relation for determination of activation energy and other constants, which was 
based on experimentally measured values ​​of peak, i.e. maximum stress, with comparison of measured and calculated 
values. Subsequently, process maps are compiled using the energy dissipation efficiency η and the plastic deforma-
tion instability criterion ξ, and these two parameters are also interpreted together as the criteria of formability at 
high temperatures.
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INTRODUCTION

The method proposed in the 1980s to describe the re-
sponse of material to process parameter change Dynamic 
Material Modeling (DMM) has been carefully elaborated 
by Prasad et al. It is a continuous model based on ther-
modynamic principles by which the areas of material 
flow instability are determined. It is also able to show the 
transitions between plastic deformation of materials and 
the formation of thermodynamically unstable dissipative 
microstructure. DMM focuses on the localization of 
dynamic recrystallization and describes the deformation 
behavior of the material even at high strain rates at which 
dynamic recovery processes can take place. The equa-
tions used in DMM describe stress response in plastic 
flow dependent on macroscopic forming parameters such 
as strain rate and temperature. Using these equations, it 
is possible to determine the proportions of the dissipated 
energy stored in the mechanical part, i.e. induced heat, 
and also in metallurgical processes [1 - 8].

In forming, energy dissipation is characterized by 
a dimensionless quantity, named as energy dissipation 
efficiency η. It is a key element that uses Dynamic Mate-
rial Modeling (DMM) [9].

The total energy P absorbed by the body during defor-
mation is composed of two parts, the first part being energy 
G, which represents the energy input dissipated by the 
material, much of which is converted to heat. The second 
part presents supplement J, which represents the energy 
dissipated due to metallurgical changes in dynamic recrys-
tallization, dynamic recovery, nucleation, crack growth and 
other processes, and therefore is a criterion characterizing 
the dynamic response of a material [1]. The total energy can 
thus be expressed by the following equation (1):
P = G + J 		                                            (1)
where: P - total energy absorbed by the body during 
deformation [J], G - energy dissipated due to plastic de-
formation [J], J - energy dissipated due to metallurgical 
changes [J]. The main variables describing process maps 
are strain, stress, strain rate. Thanks to these variables, 
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the formula above can be further described [1], resulting 
in the resulting equation for J [10 - 13]

The maximum value of J occurs when m = 1 [3]. 
Then we get the equation:

Jmax = 𝜎𝜎  .   𝜀𝜀   ̇
2

  
                                                                        

(2)

The coefficient of the plastic material flow sensitiv-
ity to the strain rate describes the distribution of total 
energy P between the components G and J. It is a func-
tion of the strain rate. The ideal value of the coefficient 
m is 1. This coefficient is very important for the creation 
of process maps and can be expressed as follows [11]:

m = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 = 𝑒̇𝑒  𝑑𝑑𝜎𝜎
𝜎𝜎  𝑑𝑑𝑒̇𝑒

 = 𝑑𝑑 𝑙𝑙𝑙𝑙 𝜎𝜎
𝑑𝑑  𝑙𝑙𝑙𝑙 𝑒̇𝑒

 	                              (3)

Knowing the equations for calculating the values of 
J and Jmax, we can determine the dimensionless parameter 
η (a dissipation efficiency), which is very important for 
creating process maps. The dissipation efficiency can 
thus be expressed as follows [12, 13]:

η = 𝐽𝐽
𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚

 =  2𝑚𝑚
𝑚𝑚+1

 	                               (4)

If we multiply the results by 100, we get the percent-
ages in which efficiency is usually reported.

Another important parameter is the plastic instability 
parameter, by means of which it is possible to determine 
the areas in which the material forming is stable and the 
areas in which the material can break during forming, 
especially in forming under unsuitable conditions such 
as higher friction coefficient. This parameter can be 
expressed by the following equation (5): 

𝜉𝜉 =
𝜕𝜕 𝑙𝑙𝑙𝑙 � 𝑚𝑚

𝑚𝑚 + 1�
𝜕𝜕 𝑙𝑙𝑙𝑙 𝑒̇𝑒

+ 𝑚𝑚 < 0                                             (5)

The lower the plastic instability parameter, the less 
stable is the region. Negative values indicate areas of 
instability [14].

EXPERIMENTAL

Strain rates from 0.1 s-1 to 100 s-1 were used for the 
plastometric tests and temperatures ranging from 900°C 
to 1280°C. The data are then used to construct stress - 
strain graphs. As an example of a stress-strain curve for a 

strain rate of 1 s-1 and different temperatures is the Fig. 1.
STRESS-STRAIN BEHAVIOUR
Calculation of the peak stress

One of the goals of this work is the mathematical 
evaluation of peak stress and strain and the subsequent 
compilation of a complete mathematical description of 
this curve. The correctness of the future solution lies in 
the comparison of experimental values of peak stress 

pexσ  with calculated pcaσ 1 and the same for peak 
deformation pexε  and pcaε . Since the dependence of 
the peak values are an exponential functions of tem-
peratures, this fact will be used in mathematics and the 
v values of pcaσ 2 were examined.

The procedure consists in determining peak points 
on the actual course of the curves obtained on the plas-
tometer. We continue with the regression and equations 
described below, the constant α is calculated. Subsequent 
regression analyzes using the equation:

tn
βα =     				                  (6)

For the highest temperatures we use the relation 

𝜀𝜀̇ = 𝑓𝑓�𝜎𝜎𝑝𝑝𝑝𝑝𝑝𝑝   � 
 
in the power form with obtaining the 

constant n; furthermore for the lowest temperatures the 

relation in the form  with obtain-

ing the constant β; and then at 
tn
βα = , the constant 

α is calculated. Subsequent regression analyzes using 
the equation (7):

ln ln sinh( )pexfε α σ = ⋅  		                 (7)

Fig. 1. Example of stress-strain curves for strain rate 1 s-1.
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leads to the intersection constants with the vertical         

z – axis 1
1

nA to A f
T
 =  
 

 and  to the equation (8).

( )ln ln sinh pex
Q f
RT

ε α σ + = ⋅ 
	                (8)

The calculated constants 1 nA až A to 1 nA až A substituted for the 

equation 







T
1  to determine the negative slope S, where 

the activation energy is Q (J/mol) of the process and can 
be found by simple calculation according to SRQ ⋅−=  
(R is the gas constant, R = 8,314 (J/(mol∙K)). Using the 
equation (9) we construct a single line from the already 
known values and then determine the slope n and the 
intersection with the y-axis from which we calculate 
the constant A.

( )ln ln sinh pex
Q f
RT

ε α σ + = ⋅   	                   (9)

We will build the final relationship:

( )exp sinh
n

pex
QA

RT
ε α σ− = ⋅ 

 
                               (10)

By adjusting equation (11) using the obtained con-
stants A = 8,702E11; Q = 264410; α  = 0.00537; n = 4.74 
we arrive at an analytical expression of the maximum 
(peak) calculated stress as a function of temperature and 
strain rate, namely:
			 

1

exp
1 arg sinh

n

pca

Q
RT

A

ε
σ

α

  
    =

 
  

                              (11)
 

T T [K] ε  pexσ  pcaσ 1 pcaσ 2 pexε  pcaε  

1280 1553 0,01   16,04 13,75   0,05 
1280 1553,00 0,10 21,10 26,07 22,71 0,12 0,10 
1280 1553,00 1,00 40,40 42,39 37,49 0,22 0,17 
1280 1553,00 10,00 61,10 68,90 61,91 0,30 0,31 
1280 1553,00 100,00 100,60 111,98 102,23 0,48 0,54 
1280 1553,00 500,00   156,26 145,14   0,81 
1200 1473,00 0,01   20,28 19,88   0,06 
1200 1473,00 0,10 31,3 32,97 32,09 0,14 0,11 
1200 1473,00 1,00 53,8 53,60 51,81 0,24 0,20 
1200 1473,00 10,00 83,6 87,13 83,64 0,36 0,35 
1200 1473,00 100,00 133,4 141,27 135,02 0,56 0,62 
1200 1473,00 500,00   190,67 188,71   0,93 
1100 1373,00 0,01   28,26 33,65   0,08 
1100 1373,00 0,10 48,3 45,94 50,33 0,18 0,14 
1100 1373,00 1,00 79,4 74,69 75,29 0,31 0,24 
1100 1373,00 10,00 114,6 121,34 112,63 0,51 0,44 
1100 1373,00 100,00 163,6 189,59 168,48 0,62 0,77 
1100 1373,00 500,00   227,50 223,25   1,16 
1000 1273,00 0,01   41,49 51,00   0,11 
1000 1273,00 0,10 72,8 67,45 74,22 0,26 0,19 
1000 1273,00 1,00 112,40 109,62 108,03 0,40 0,34 
1000 1273,00 10,00 153,90 174,88 157,23 0,68 0,60 
1000 1273,00 100,00 229,10 231,25 228,85 0,81 1,07 
1000 1273,00 500,00   254,51 297,49   1,60 

900 1173,00 0,01   65,04 85,04   0,18 
900 1173,00 0,10 113,10 105,71 114,10 0,40 0,32 
900 1173,00 1,00 154,40 169,44 153,11 0,62 0,57 
900 1173,00 10,00 207,50 228,18 205,45 0,94 1,02 
900 1173,00 100,00 273,10 260,59 275,68 0,98 1,81 
900 1173,00 500,00   276,63 338,58   2,71 

 

Table 1.  Some experimental and calculated results.
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In the literature it is possible to find another nota-

tion of this equation, where, exp Q Z
RT

ε   = 
 



which 

represents the Zener-Hollomon parameter [15 - 18]. The 

resulting equation (11) allows both to check and compare 

the measured experimental values of peak deformations 
pexσ with the newly calculated calculated pcaσ 1, but also 

to try to extend the values by interpolation to one lower 
and one higher strain rate. In the well-arranged table, the 
rows with interpolated results are gray and are listed in the 
special columns. Since the stress is generally the Arhenius 
exponential dependence on the temperature in the monopha-
sic region, the calculated values of pcaσ 2 are also shown 
in the table column. Therefore, these values were not 
used for subsequent energy dissipation and instability.

Calculation of the peak deformation
We use the parametric equation model and the 

hyperbolic sinus model. This model is based on proven 
experience in solving theoretical courses in the analysis 
of plastic deformation driven by dynamic recovery by 
non-conservative dislocation movement (Barett’s mod-
el). In principle, the limit deformation is dependent on 
temperature and strain rate [15 - 18]. We start by build-
ing linear regression eqs. (12) and (13), (where there is 
a peak deformation pexε ) for individual temperatures 
and determine their slope, which we denote k1 to kn and 
then we calculate the slope of the average slope k, where 
its value reachs  k = 0,204	

( )ln lnfpexε ε=  		                            (12)

Then we use equation (13)

( ) 1sinh ln lnk fpex T
ε ε  

 
 

− = 	                            (13)

and graphically and mathematically we determine the 

slope, which we denote as X and the intersection with 
the y-axis, which we denote by the letter Y and construct 
the final relation (X = 10 758; Y = -9,756)















 +=

T
XYk

pca sinhargexpεε                          (14)

After substituting all calculated values into the 
final relation (14) we get the calculated peak deforma-
tion values, which are compared with the experimental 
values.   If these were stress-strain curves for materials 
where a rapid stress drop occurs after the peak deforma-
tion is reached and the drop is sustained, the resulting 
equation (15) in the form that it describes, based on 
previous knowledge of the calculated peak stress σpca 
and calculated peak strain εpca complex expression of 
material characteristics as a function of temperature T 
and strain rate 

 
[15 - 20]. 

			 
exp 1

c

ca pca
pca pca
ε εσ σ

ε ε
 
 
 
 

= ⋅ ⋅ −                        (15)

The investigated steel does not meet this require-
ment, it even appears that at the lowest temperature of 
900°C and a strain rate of 100 s-1 the peak stress σpex 
is reached, therefore we did not use this equation (15) 
further.

DISSIPATION AND INSTABILITY
The principles of the Dynamic Material Model were 

used to construct energy dissipation maps [21 - 26]. To 
obtain the energy dissipation factor   the following steps 
were performed: from the stress-strain dependence, three 
deformations are selected, namely 0.2; 0.5 and 0.8 and 
for these sizes the values of deformation resistance for 
individual temperature of  900°C to 1280°C and strain 
rate of 0.1; 1; 10 and 100 s-1 are subtracted. The stress-
strain rate obtained in this way are converted to the 
stress-logarithm of the strain rate and then the logarithm 
of the strain rate Δlog . For these and other calculations 
an overall table has been compiled, as an example we 
show only the result of the strain 0,5  and temperature 
1000°C.  To calculate the coefficient of deformation 
sensitivity m it is necessary to calculate the logarithm 
of stress (log σ) and difference of logarithm of stress 
(Δlog σ) and the logarithm difference of stress (Δlog σ) 
and then dissipation η.

Finally, it is necessary to calculate the plastic insta-

T[°C] ln ε  m 𝜂𝜂 𝜉𝜉 
1000 -2,25 0,20 34 -0,055 
1000 0,06 0,13 24 0,075 
1000 2,37 0,14 25 0,254 
1000 4,53 0,23 37 0,465 

 

Table 2. Results of dissipation and instability for 
strain 0,5.
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bility parameter ξ, which can be used to determine the 
areas in which the material deformation is stable and the 
areas in which the material can break during forming and 
we used only negative values according to equation (4) 
[27 - 31]. The results were processed in Golden Surfer 
13.0. We present examples of results for dissipation at 
all temperatures and strain rates for deformation 0,2 and 
0,8 from the whole range of isocurves and at the same 
time the graph in the space for deformation 0,8. The in-
stability results were predominantly positive, with only 
one area plot for 0,5 deformation. At the deformation 

of 0,2, the instability results are similar to those of the 
deformation of 0,5, at the deformation of 0,8 there was 
any 

 
value as negative.

CONCLUSIONS

The introduction describes the mathematics of 
detecting dissipation and instability in the forming 
process. In describing the behavior of the material, 
especially at high forming temperatures, the classical 
Sellars-Tegart-Garofalo method is used, which gradu-

Fig. 2. Dissipation at strain 0,5 (a) and 0,8 (b).

Fig. 3. Surface graph for dissipation at strain 0,8.

Fig 4. Instability at strain 0,5.

(a)

(b)
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ally derives constants n, , using linear regression 
analyzes and gradually searches constants into the final 
equation (sinh) (11). Comparing the stress peaks found 
experimentally pexσ  with the calculated pcaσ 1 gives 
a very good match. This relationship allows to predict 
with high accuracy the behavior of the material at differ-
ent temperatures and strain rates than the experimental 
values. Similarly, through a sinh relationship, another 
general equation for deformations at the peak was de-
rived (14). Here again, the agreement of experimental 

pexε and calculated values pcaε
 
is shown.

The last equation (15) was not used, since the mate-
rial shows a minimal decrease behind the peak and even 
difficult to determine at high rate of deformation of 100 
s-1 in the experiment. Since the stress with temperature 
behaves generally according to the Arhenius exponential 
relation, the stress peaks were calculated and are listed in 
the column in the table as pcaσ 2. We also extrapolated 
from the original four strain rates of 1 to 100 s-1 to values 
of  0,01 s-1 and 500 s-1 and in the table are recorded in 
gray rows. Here, especially for the prediction at 500 s-1, 
the calculated stress values seem reasonable, while the 
peak distortions are more divergent. However, only ex-
perimental results at 0,2, 0,5 and 0,8 strains were used 
for further calculations of dissipation and instability. 

Dissipation values 
 
do not differ significantly with 

different strains; higher values are expected to occur at 
higher temperatures. It appears that the investigated me-
dium medium-carbon steel does not play any significant 
changes in the energy dissipation despite the gradual 
dynamic recrystallization at lower temperatures and 
higher strain rates. This is also reflected in instability, 
quite surprisingly, we did not get negative values with 
the instability parameter  

 
of 0.8 strain. A temperature 

range of 950°C to 1050°C and a low rate of deformation 
appear to be the most problematic.
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